The Grüneisen ratio (Γ), i.e. the ratio of the linear thermal expansivity to the specific heat at constant pressure, quantifies the degree of anharmonicity of the potential governing the physical properties of a system. While Γ has been intensively explored in solid state physics, very little is known about its behavior for gases. This is most likely due to the difficulties posed to carry out both thermal expansion and specific heat measurements in gases with high accuracy as a function of pressure and temperature. Furthermore, to the best of our knowledge a comprehensive discussion about the peculiarities of the Grüneisen ratio is still lacking in the literature. Here we report on a detailed and comprehensive overview of the Grüneisen ratio. Particular emphasis is placed on the analysis of Γ for gases. The main findings of this work are: i) for the Van der Waals gas Γ depends only on the co-volume b due to interaction effects, it is smaller than that for the ideal gas (Γ = 2/3) and diverges upon approaching the critical volume; ii) for the Bose-Einstein condensation of an ideal boson gas, assuming the transition as first-order Γ diverges upon approaching a critical volume, similarly to the Van der Waals gas; iii) for 4 He at the superfluid transition Γ shows a singular behavior. Our results reveal that Γ can be used as an appropriate experimental tool to explore pressure-induced critical points.
1
1 IGCE, Unesp -Univ Estadual Paulista, Departamento de Física, 13506-900, Rio Claro, SP, Brazil
The Grüneisen ratio (Γ), i.e. the ratio of the linear thermal expansivity to the specific heat at constant pressure, quantifies the degree of anharmonicity of the potential governing the physical properties of a system. While Γ has been intensively explored in solid state physics, very little is known about its behavior for gases. This is most likely due to the difficulties posed to carry out both thermal expansion and specific heat measurements in gases with high accuracy as a function of pressure and temperature. Furthermore, to the best of our knowledge a comprehensive discussion about the peculiarities of the Grüneisen ratio is still lacking in the literature. Here we report on a detailed and comprehensive overview of the Grüneisen ratio. Particular emphasis is placed on the analysis of Γ for gases. The main findings of this work are: i) for the Van der Waals gas Γ depends only on the co-volume b due to interaction effects, it is smaller than that for the ideal gas (Γ = 2/3) and diverges upon approaching the critical volume; ii) for the Bose-Einstein condensation of an ideal boson gas, assuming the transition as first-order Γ diverges upon approaching a critical volume, similarly to the Van der Waals gas; iii) for 4 He at the superfluid transition Γ shows a singular behavior. Our results reveal that Γ can be used as an appropriate experimental tool to explore pressure-induced critical points. 
I. INTRODUCTION
It is well known from daily life that upon increasing or decreasing the temperature of a solid, in general, its volume changes. The formation of ice, namely the phase transition of water from liquid-to-solid, consists a classical example of volume change. It is worth to mention that in the case of water, in particular, a negative thermal expansion is observed upon freezing, thus leading the ice to fluctuate in the surface of the liquid. In general terms, in the case of solids, regarding solely the phononic excitations, the phenomenon of thermal expansion is a direct consequence of the deviation of the lattice potential from the so-called harmonic approximation, i.e. temperature changes bring terms of the lattice potential U with power higher than two into play, for instance U (x) = ax 2 − bx 3 − cx 4 , being a, b and c positive constants and x the average atomic displacement from the equilibrium position and, as a consequence < x > is not longer zero 1 . Thus, as an effect of such anharmonic contributions to the lattice potential, once the temperature is varied the solid continuously either shrinks or dilates in order to achieve the optimal volume where its total free energy (F ) is minimized, namely ∂F/∂ < x > = 0. The situation is quite distinct in the immediate vicinity of a generic phase transition, where besides such anharmonic terms contributing to the lattice potential other sorts of excitations like charge, spins and orbital as well as critical fluctuations itself 2 can contribute dramatically to the volume change of the solid. From the experimental point of view, such volume changes cannot, in many cases, be detected directly by means of standard x-ray structural data analysis due to the relatively low-resolution intrinsic to this kind of experiments, i.e. ∆l/l 10 −8 , here l refers to the sample length, see e.g. 5 . In this sense, high-resolution measurements of the thermal expansivity can be considered a quite powerful thermodynamic experimental tool for investigating volume changes associated with phase transitions. Indeed, employing such an experimental technique phase transitions involving distinct types of excitations, i.e. lattice, charge, magnetic and orbital degrees of freedom can be precisely detected. For instance, ultra-high resolution expansivity measurements have been recently employed to detect and explore subtle lattice effects accompanying the charge-ordering transition in molecular solids 6,7 , spin-liquid-like lattice instability 8 , the Mott metal-toinsulator transition 2,3,9,10 , magnetic 11 , multiferroic 12 and superconducting transition as well 13 . Analogously, the bulk properties of a solid can be obtained by means of high-resolution specific heat measurements 14 . Indeed, high-resolution specific heat measurements constitute one of the most powerful experimental tools to access fundamental excitations in solids, like the effective charge carrier mass and the entropy changes associated with a phase transition 15 , just to mention a few examples. In his seminal paper of 1908 16 , E. Grüneisen reported on a formal connection between both quantities, i.e. thermal expansion and heat capacity, which leads to the birth of the so-called Grüneisen Ratio, abbreviated to GR hereafter. The GR (Γ) is generally defined as the ratio of the linear thermal expansivity (α) to the specific heat at constant pressure (c p ), namely:
It is straightforward to write Eq. 1 in the following way:
where V , P , T , E and S refer, respectively, to the specimen volume, pressure, temperature, energy and entropy. For completeness, it is worth recalling that (∂E/∂T ) V is the specific heat at constant volume.
More generally, the GR is roughly constant when a single energy scale E s , for instance the exchange coupling constant in a magnetic system or the electrical polarization in a conventional ferroelectric, governs the physical properties of the system of interest. In such cases, for the sake of completeness, it is worth mentioning that the entropy S ∝ f (T /E s ) and the GR are given by:
see e.g. 17 and references cited therein for details. However, from the definition of the GR (cf. Eqs.1 and 2) one can directly infer that for any pressure-induced critical point the GR should diverge. This is a direct consequence of the entropy accumulation in the immediate vicinity of a critical point. Indeed, it is nowadays well established that the GR shows a singular behavior upon approaching a quantum critical point 17, 18 and close to a finitetemperature critical end-point 2-4 as well (see Figs. 1 and  2) . Hence, the GR can considered the smoking gun for exploring pressure-induced critical points (see Figs. 1 a) , b) and Fig. 2) , no matter the nature of the phase transition. While the GR has been largely explored in solid state physics, since measurements of the specific heat and thermal expansion measurements are quite accessible, very little is known about its behavior for gases. This is most likely due to the difficulties posed to carry out both thermal expansion and specific heat measurements in gases with high accuracy as a function of pressure and temperature. To the best of our knowledge, the only report about the GR for gases is found in Ref. 19 . Also in classical textbooks discussions on the GR are quite limited, see e.g. Refs. 20, 21 . Interestingly enough, recently the GR was identified as the scaling exponent γ in supercooled liquids 22 . As discussed by the authors of Ref.
22 the scaling exponent γ quantifies the slope of the interatomic potential and its relative contribution of temperature and volume. Hence, as pointed by the authors in Ref.
22 a direct connection between γ and the GR exists, characterizing thus both quantities as a gauge for the level of the anharmonicity of the potential. In this contribution we introduce the fundamental physical concepts associated with the GR in a didactic way and report on a systematic analysis of the GR for gases. We show that for the Van der Waals gas the GR depends only on the co-volume b due to interaction effects, it is smaller than that for the ideal gas (GR = 2/3) and diverges upon approaching the critical volume. For the Bose-Einstein condensation of an ideal boson gas, assuming the transition as first-order the GR diverges upon approaching a critical volume, similarly to the Van der Waals gas. Furthermore, for 4 He at the superfluid transition the GR shows a singular behavior at the transition. Hence, we show, for the first time, the particularities of the GR for various gaseous systems. The paper is divided as follows: after this brief introduction, which comprises the first section, we discuss the most relevant textbooks thermodynamic quantities of interest for this work followed by an analysis of the GR for well-known systems like the ideal, Van der Waals and ultra-relativistic gases;
4 He and the Bose-Einstein condensation (BEC). Our aim is to give an overview of the GR and its relevance in the exploration and understanding of the above-mentioned systems in a comprehensive fashion.
II. THERMODYNAMIC QUANTITIES
The Grüneisen-Relation, discussed in the introduction of this work, was originally 16 presented as follows:
where β(T ) and V mol refers, respectively, to the volumetric thermal expansion coefficient and molar volume; Γ ef f is the so-called effective Grüneisen parameter, κ T stands for the isothermal compressibility. It is worth mentioning that the GR (Eq. 4) holds true for solid, liquid and gases. Although this work is focused on the properties of the GR for gases, for the sake of completeness, in the following we discuss briefly the lattice Grüneisen parameter, obviously present only in solid-state. In the frame of the Debye-model, the lattice (or phononic) Grüneisen parameter Γ pho reads:
where Θ D stands for the Debye temperature of the solid. A simple analysis of Eq. 5 reveals that the bigger the lattice Grüneisen parameter, the higher the volume dependence of the vibration modes of the lattice. Strictly speaking, as above-mentioned, the lattice Grüneisen parameter is a measure of the volume dependence of the anharmonicity of the lattice vibrations, which in turn is responsible for the lattice contribution to the thermal expansion in a solid. In general terms, the vibrational free energy, entropy, specific heat and thermal expansion originate from sums of contributions f i , s i , c i and α i from independent vibration modes of frequency ω i (V ), respectively. Hence, the so-called mode Grüneisen parameter is defined in the following way:
Thus, according to Eq. 6, vibration modes whose frequency, ω i , decreases or softens as the volume of the solid decreases will result in a negative Grüneisen parameter and, from Eq. 4, such vibration modes, in particular, will be responsible for a negative contribution to the overall thermal expansion of the material 23 . As a matter of fact, the so-called mode Grüneisen parameter can be related to the interatomic/intermolecular potential via the elastic force constant, namely k ≡ d 2 U/dr 2 , which in the frame of the harmonic approximation is proportional to ω 2 . More generally, in addition to the ordinary phononic background contribution to the thermal expansion of a certain solid material, other contributions, whose origin might be electronic or magnetic, have to be taken into account in an accurate estimate of the GR. This is the case especially at low temperatures, where such contributions may dominate the thermodynamic properties 5 . Hence, in such cases the Grüneisen usually is written in the following way:
where β ph (c ph ), β el (c el ) and β mag (c mag ) refer to the phononic, electronic and magnetic contributions to thermal expansivity β (specific heat c), respectively, while Γ ph , Γ el and Γ mag are the respective Grüneisen parameters. Strictly speaking, when various contributions to the GR have to be taken into account the GR reads 24 :
where i refers to the i th contribution to Γ. At this point, it is useful to discuss the GR in quantitative terms. For the critical temperature of the ordinary metal-to-superconducting phase transition in the molecular conductor κ-(BEDT-TTF) 2 Cu(NCS)
27 . Such a simple comparison reveals the high-sensitivity of the superconducting transition temperature to application of external pressure in the abovementioned molecular metals, as discussed in quite details in Ref. 28 . Regarding the GR close to P -induced critical points, a huge value of Γ 100 was deduced experimentally in the immediate vicinity of a quantum critical point in heavy fermions 18 , close to the critical end-point of the metal-to-insulator Mott transition 2,3 and at the γ α structural phase transition of Cerium 29 . For the sake of completeness, analogously, if the tuning parameter of the phase transition is an external magnetic field (H), the magnetic Grüneisen parameter, frequently also called magnetocaloric effect, reads 17 :
where M refers to the magnetization and c H to the specific heat under constant external magnetic field. Furthemore, it is worth mentioning that is well documented in the literature that for a magnetic field-induced quantum critical point, due to the enhancement of the entropy in the critical region a sign change of Γ H is expected 30 . The latter consists one of the fingerprints of a magnetic field-induced quantum critical point.
III. APPLICATIONS AND DISCUSSION
Below we discuss the GR ratio for various gases and make a detailed discussion for each particular case of interest.
A. The Ideal Gas
We start with the simplest example. For an ideal gas, well known from textbooks, the equation of state is given by: and the (internal) energy in turn, reads:
where n and R refers to the number of moles and the universal gas constant, respectively. Employing Eqs. 10, 11 and making use of the definition for the GR discussed in the introduction of this work (Eqs. 1 and 2), one obtains Γ = 2/3. Thus, for the ideal gas Γ is a constant. Analogously, the same result, i.e. Γ = 2/3, is obtained for the free electron gas at zero temperature, where E = 3/2V P . This result can be easily understood by considering the physical definition of the GR, which quantifies the degree of the anharmonicity of the potential. Since for both ideal and free electron gas the intermolecular interaction is not taken into account and thus no phase transition takes place, a constant value for the GR is expected in these cases. With respect to the value 2/3, it is a direct consequence of the number of degrees of freedom in the system. To make this clear, for the ideal gas, remembering that C p − C V = R, the GR can be written in the following way:
Now, considering the relation C P /C V = (f + 2)/f , being f the number of degrees of freedom (for the ideal gas f = 3; namely three translational degrees of freedom), from Eq. 12, Γ = 2/3 is obtained for the ideal gas. For the sake of completeness, below we derive the GR for the ideal gas employing the partition function:
Making use of the well-known relations, namely:
and
being β * = 1/k B T 31 , the GR (cf. Eq. 1) can thus be written as follows:
making the inner derivatives, one obtains:
we then achieve the same value obtained for the GR, namely:
employing the equation of state as discussed above.
B. The Van der Waals Gas
In the case of the Van der Waals gas, the equation of state reads:
where a and b stand for the cohesion pressure and covolume, respectively; while n refers to the number of particles of the gas investigated. The Van der Waals gas energy is given by:
Making the derivatives of Eqs. 19 and 20 the GR for the Van der Waals gas is obtained:
Interestingly enough, as can be directly inferred from Eq. 21, the GR depends solely on the co-volume. This means that the cohesion pressure is not relevant and the GR for the Van der Waals is governed only by the radius of the gas particles. Yet, from Eq. 21, one can deduce that measuring the Grüneisen parameter of a real gas, the co-volume b of the investigated gas can be immediately obtained. Furthermore, upon pressurizing the gas, b increases and, in particular, when b achieves the gas cloud critical volume 32 V c = nb the GR diverges, since the denominator of Eq. 21 tends to zero when V → V c . As we have done for the ideal gas, for the sake of completeness, below we derive the GR for the van der Waal gas employing the partition function. The latter, for the van der Waals gas, reads:
and can be rewritten in the following way:
Hence, making use of Eqs. 16 and 23 the GR can be easily calculated:
which simplified, reads:
thus, the GR for the van der Waals gas is obtained, namely:
which is identical to Eq. 21, deduced starting from the equation of state. Still considering the Van der Waals gas, it is useful to analyze the behavior of the GR for the Joule-Thomson effect. For the latter, the temperature gradient is given by:
Combining Eqs. 21 and 27, the GR (Γ JT ) for the JouleThomson effect can be obtained, namely:
Interestingly enough, as can be deduced immediately from Eq. 28, in the Joule-Thomson effect the van der Waals GR assumes a value closer to those obtained for the ideal gas, i.e. Γ = 2/3, when the second term in the parenthesis of the denominator tends to zero.
C. Bose-Einstein Condensation
The Bose-Einstein gas is of particular interest because, in contrast to the Fermi-Dirac gas, it can undergo a phase transition thought the particles do not interact with each other. As well-known from the literature, the BoseEinstein condensation is a direct consequence of how the particles occupancy takes place in the case of bosons. To make this clear, let us recall the average number N of particles in an allowed state l:
where z = e β * µ is an effective pressure, the so-called fugacity. Since 1 ≤ e β * l ≤ ∞, i.e. all states are accessible in this range, to keep N > 0, there is a constrain to the fugacity, namely 0 ≤ z ≤ 1. In addition, a simple analysis of Eq. 29 reveals that µ should be either zero or negative. Physically, as a consequence of such constrains, one can say that it is easy to tot up additional particles to the gas. A particular situation is found when l = 0, i.e. 0 = 0. In such a situation lim z→0 n l → ∞ and a phase transition into a Bose-Einstein condensation takes place 33 . Here we are interested in estimating the GR for the condensate. In the case of the Bose-Einstein condensation of an ideal boson gas, the specific heat for T ≥ T c is given by 34 :
and, according with Ref. 35 for T > T c
where g 5/2 (z) and g 3/2 (z) are the so-called Bose functions. At this point, it is worth mentioning that only those particles which do not take part in the condensate contribute to the energy of the Bose gas below T c 36 . Thus, for T < T c , the specific heat of those particles is given by 34 :
where m refers to the mass of the gas particle, g is the degeneracy, = h/2π being h the Planck constant. Employing Eqs. 30, 31, 32 and 33, the GR of the condensate can be estimated.
It turns out that employing such expressions both below and above the Bose-Einstein condensation temperature GR = 2/3, as in the case of the ideal gas. An alternative equation of state was proposed in Ref. 37 considering that in the ground state the system holds the kinetic energy associated with the gas cloud right at the condensation temperature. The proposed equation of state below the condensation temperature reads 37 :
where c = g 5/2 (1)k 5/2 (m/2π 2 ) 3/2 . Thus, making use of Eqs. 32 and 34 the GR follows a linear dependence with T below T c . In what follows, we discuss the BEC in analogy with a liquid-to-gas phase phase transition. The critical volume (v * ) is given by 38 :
Considering the transition as being of first order, the Clausius-Clayperon equation can be used:
where ∆v, ∆s and L, refer to the volume change, entropy change and latent heat, respectively. The GR reads:
From Eq. 37, when v 0 → v * ⇒ Γ → ∞. A similar result from that obtained for the Van der Waals gas.
From the experimental point of view, immense efforts have been put by different groups to measure the thermodynamic properties of a Bose-Einstein condensate. In this regard, we refer to measurements of the specific heat of a weakly interacting gas 39 and the influence of pressure on a Bose-Einstein condensate in two dimensions 40 . 
here ∆ is a phenomenological parameter and it is assumed to be 1 at the normal-liquid phase (t > 0) and 0 at the superfluid phase (t < 0), where t refers to the reduced temperature; T λ stands for the from normalliquid-to-superfluid phase transition temperature. We stress that Eq. 38 is in perfect agreement with experimental results 44 in the temperature range |T −T λ | = |t| ≤ 200 mK. However, in our analysis we stick to the region |t| ≤ 10 mK, cf. detailed discussion below. Yet, we stress that the expression employed for the specific heat fits was taken from an experiment carried out at constant volume. However, as the range of temperature is quite small, the process can be considerate isobaric as well as isovolumetric. Hence, in this particular case we assume c P = c V so that Eq. 1 can be used in our analysis. Regarding thermal expansivity experiments, the work of Niemela and Donnelly 43 provided the data set in the Trange from 1.35 K to 4.9 K. Nevertheless, here the only results within the region |t| ≤ 10 mK are taken into account. The volumetric thermal expansion data are nicely described by the following expression 43 :
Grüneisen parameter as a function of the reduced temperature t under various pressures, cf. indicated in the label. The behaviour for saturated pressure value is the same observed in Fig. 3 and increases with the pressure. A.P. stands for ambient pressure.
being, for the sake of completeness, the coefficients a i and b i presented in Table 1 . Employing Eqs. 38 and 39, the GR as a function of temperature can be obtained, being the results in the range |t| ≤ 0.001 K depicted in Fig. 3 . Note that a clear singularity of the GR is observed in the immediate vicinity of the λ transition for the isotope 4 He. A blowup of the GR even closer to T λ together with the normalized Grüneisen parameter is shown in the inset of Fig. 3 . It is worth mentioning that for the temperature range |t| > 1 mK (not shown), at ambient pressure, the GR does not present singularities, being instead described roughly by a constant function. For the range t < 0, i.e. below the superfluid transition, we were able to perform calculations of the GR as a function of temperature and pressure, whose results are presented in Fig. 4 . By doing so, we are interested now in following the pressure dependence of the entropy of 4 He in the superfluid phase. Hence, we make use of the function for the superfluid helium entropy derived by Greywall an Ahlers 47 , which in turn is in good agreement with experimental data published in the literature 48 . Interestingly enough, as can be seen in Fig. 4 , the GR is clearly enhanced under pressure. Based on the discussions presented in the introduction of this work the GR can be used as an indirect way to measure the interaction between particles in a gas, fluid or solid. In the model proposed by Tisza 50 , the so-called rotons are essentially a bounded pair of Helium atoms which is formed in the superfluid phase. In analogy with a classical rotor, such rotons have translational and rotational degrees of freedom. From the sound velocity data the entropy at the superfluid phase was derived by Maynard 49 . Fig. 5 depicts the entropy as a function of temperature for various pressures. Note that the entropy increases as the applied pressure is increased. Such a behavior is a direct consequence of the enhancement of the interaction between rotons as pressure is applied. The rotons gas is also discussed and presented in details by Pathria in Ref. 35 . Employing the expression of the Helmhotz free energy it is straightforward to obtain the GR of a rotons gas as a function of temperature and pressure (not shown), being the results in perfect agreement with those depicted in Fig 4. 
IV. CONCLUSIONS
To summarize, we have derived the Grüneisen ratio for various gases. We have shown that for the ideal gas as well as for the free electron gas a constant value, namely Γ = 2/3 is found for the Grüneisen ratio. For the Van der Waals gas the Grüneisen ratio diverges when the gas particle co-volume achieves a critical value. We also have shown that Γ for 4 He diverges near the so-called λ transition, namely from superfluid to normal liquid. Our analysis show that application of pressure increases the system entropy, in perfect agreement with Tisza's theory based on rotons. Using the textbook Bose-Einstein distribution for gases and considering the boundary conditions for the realization of a Bose-Einstein condensation we have obtained Γ = 2/3 for the non-interacting boson gas. Yet, an analysis of the Bose-Einstein condensation in analogy with the classical liquid-to-gas transition reveals that when the gas cloud volume achieves the critical, the Grüneisen ratio diverges. A calculation of the effects of interaction on the Grüneisen ratio for the Bose-Einstein condensation constitute a topic of interest and will be explored in another work.
